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A method for the calculation of correlated pair func-
tions was first developed by Fock, WesseLow, and Pe-
TrASHEN 1 2; more recently several other methods had
been developed 3. All these methods have in common
the feature that the correlated pair function is the so-
lution of an equation of the form H;, ®=FE @ where
Hi, is a two-electron Hamiironian and @ must be
strongly orthogonal 2 to the one-electron spin orbitals.
The orthogonality requirement is the source of extreme
mathematical difficulties. If @, is a function not ortho-
gonal to the one-electron orbitals, it is orthogonalized 2
with the operator (1 —;,) which is a two-electron,
integral, projection operator. Consequently if &, con-
tains ry», the interelectronic distance, the application
of Hj, and (1—92,) to @D, will result in integrals
containing the combinations? (ry7s3), (r1a713714),
(ryoTe37ss), and (rysragrys). The calculation of such
integrals is extremely time consuming for atoms? and
quite impossible for molecules.

We report that we developed a method in which this
difficulty is avoided. Consider an atom with N electrons
in closed shells plus two valence electrons. The total
wave function is™? y= (N+2) 2 4{@; @5 ... N D}
where A4 is an antisymmetrizer, @, ...@y are the core
functions, and D is the correlated two-electron function
for the valence electrons. @ is strongly orthogonal to
the @;’s. The energy expression has the form?! 2

Er={®|Hr(1) +Hr(2) +r12'| ®) +E¢,

where Hf is the Hartree-Fock (H-F) Hamirronian of
the core and E; is the (H-F) energy of the core. We

put &
D=pa(1) pB(2).

(In order to make the result simple we do not anti-
symmetrize @. This deficiency can be corrected later.)
Application of the energy minimum principle leads to
the equations

(Hr+VB) pa=Es @i,
and

(Hr+Va) gp=EB @B,
where VA and Vg are the potentials resulting from ¢4
and ¢p . Putting @ and ¢@p in the ScamipT-orthogonal-
ized form we get (1)

{Hp +VB+3 C} [Ea—Ei—V3] @il o3} X =Ea @R
1

and a similar equation for ¢%. In (1) (p?; is the pseudo-
wave function defined by

pa=Na(@R—=C i),
1

where N
0
Cit ={gi| P1);

E; is the (H-F) core orbital parameter, and Ny is a
normalization constant. There is a similar formula for
k. 0 0

We solve the equations for A and (]JBl and obtain Ea
and Ep . Then using (1) and the equations defining %
and @B we eliminate @A and @B from the energy ex-
pression. By putting @, =4 ¢ and using the energy
minimum principle we obtain the equation for @, in
the form

HYS ®,=E @,

where @, is not orthogonal to the core functions and
HYS the modified Hamiltonian has the form:

HY=Hp(1) +Hr (2) + (N +NE—NiN$)[riy + X CH[Ea—Ei— (2NAi—2 NANB+NB) Vee(1)] @i (1) /i (1)
1

+ X CP[Es—Ei— @ N3 —2NANE+N3) Vaa(2)] 9i(2) /B (2)
1

+[N% —N3 N3] ; CECPVia) +2CH CRVBE(1) @i(1) [0 (1))

+[N3I-N3ZN3] ; (CACRVi(2) +2 CLCRVAi(2) @k (2) /93 (2)) (2
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+[2NiNE —NE] % (€ CECPVIQ) gi(1) ek (1)) +[2NIANE— N3] % (€ Cr CM Vi (2) 0i(2) /g% (2))

— [N3N}/2) % Ci € CRCPVu) @i(1) ] (1) /oA (1) 2+

—[NiN%/2] % CHCHCR CPVi2) or(2) 91 (2) /| 9B (2) ]2,

where .
Vap () = [ (e (i) 95 (1)) (Ufrip) do; .

This HamiiTonian is exact (apart from exchange
terms which can be included later) if @, is the product
of one-electron pseudo-wave functions. We suggest that
the equation HYs®y=E @, is a good approximation
also if @, is a correlated pair function. This assumption
is strongly supported by the following argument. The
operator H7s is derived in such a way that the ortho-
gonality projection operator (1—;,) is transformed
into pseudopotentials. But we orthogonalize correlated
and uncorrelated two-electron functions with the same
operator; i. e. (1 —£2,) is the same regardless whether
it operates on a correlated or uncorrelated function 2.

By transforming (1—£,,) we have eliminated the
troublesome integrals from the calculations. By solving

HY ®,=E &,

variationally we can put @, in a HyrLLeraas form and
only two-electron integrals will occur since all terms
in H}5 have the character of potentials.

The method is developed here for the two valence
electrons of an atom. Generalization for an arbitrary
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In aqueous paramagnetic ion solutions the observed
rate of proton spin relaxation (1/T,) is controlled by
the rate of relaxation in the primary hydration shell of
the paramagnetic ion (1/T2;), and by the rate of pro-
ton exchange between the hydration shell and the sol-
vent. The relaxation rate is given by

1/Te=P(Toz+z0) !, (1)

where P is the fraction of protons in hydration shells,
and 7y is the mean lifetime of a proton in the hydra-
tion shell. The effects of isotopic substitution have been
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electron pair is straightforward. The wave function
will be the same again with @ representing any elec-
tron pair. The derivation of H}[z will follow the same
steps but the equations for ¢4 and ¢% will be different
and therefore also H1» will be slightly different.

As a first, demonstrative calculation we computed a
correlated pair function for the (2s) shell of the Be
atom. Since the pseudo-wave functions are not available
for the Be (2s) electrons we used the pseudo-wave
function for the (2s) electron of Be® ion7. It can be
shown that the pseudopotentials are not sensitive to
small changes in the pseudo-wave function®. Using a
6 term HyLLeraas type function with a Svater function
as the leading term we obtained a correlation energy
of E.= —0.0302 a.u. By carrying out the orthogonali-
zation explicitly one obtains with the same ansatz
E.= —0.0321 a.u.® The agreement is very good; the
small difference is probably a result of using Be®
pseudopotentials instead of the correct ones for Be.

The work is being continued and the results will be
presented in forthcoming publications.
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studied by measurement of deuteron spin relaxation in
D,O0 solutions !+ 2, and of proton and deuteron relaxation
in solutions of mixed isotopic composition 378, The pre-
sent discussion will apply to cases like Cr*" and VO,
where the dominant exchange mechanism is proton
transfer across hydrogen bonds, rather than exchange
of whole water molecules. We seek to account for
changes in the T, of protons (and deuterons) with
variation in the isotopic composition of the solution, as
have been observed by Mazirov and Rivkmp % 6.

If the solution contains a mixture of the isotopes H
and D, the factor P in Eq. (1) is given by

P=(n x/w) (ﬁz/ﬂu) s (2)

where n is the hydration number, z is the paramagnetic
ion concentration, w is the concentration of water mole-
cules, and f is the fractional concentration of pro-
tons —i. e., Bz =H;/(Hz+ D), and By =Hy/(Hy+ D).
Due to the difference in zero-point vibrational energy,
the chemical rate constants for H and D exchange dif-
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